I. INTRODUCTION
Coupling of structural, electronic, and magnetic degrees of freedom in compounds containing transition metals cations with partially filled d shells leads to many intriguing phenomena, such as charge-density waves, 1,2 or unconventional superconductivity. 3, 4 Due to strong Coulomb interaction within the d shell such compounds are most often insulators, 5 with the unpaired spin density effectively localized on the transition metal cations. In such systems magnetic interactions between the unpaired spins, which are mediated via the superexchange mechanism, can be described by the Heisenberg Hamiltonian,
where is the magnetic coupling constants between spin sites i and j. In this convention positive values of correspond to antiferromagnetic (AFM) spin ordering, while negative values to a ferromagnetic (FM) one.
Much attention was paid to the study of magnetic interactions in compounds containing Cu 2+ cations (3d 9 electronic configuration) exhibiting quasi one-dimensional (1D) antiferromagnetic properties. 6, 7 More recently, there has been an upsurge of interest in homologous systems featuring Ag 2+ cations with a 4d 9 electronic configuration. [8] [9] [10] Both kinds of systems are composed of spin-½ Heisenberg chains characterized by an intra-chain coupling constant, 1 , which can be defined by taking the Heisenberg Hamiltonian in the form given by equation (1) and considering only nearest-neighbors along the chain:
The ground state of an 1D AFM system composed of isolated chains is disordered (Luttinger liquid). 11, 12 This state is quantum critical, with very small inter-chain interactions leading to threedimensional magnetic ordering at finite Néel temperatures ( ). [13] [14] [15] However even in the ordered state the magnetic moments are extremely small due to quantum fluctuations. 16 Although 1D AFM systems have been intensely studied for more than half a century, new physical phenomena, such as unusual magnetic excitations, 17 are still being discovered.
Theoretical models of one-dimensional spin systems, such as those describing the spin transport mechanism, 18, 19 are best tested on systems exhibiting a very small ratio between the Néel temperature and the intra-chain coupling constant. One of the best examples of such systems is Sr 2 CuO 3 which exhibits equal to 5.4 K, 16 and 1 = 2785 K, 11, 20 
II. COMPUTATIONAL DETAILS
For each of the studied compounds we consider the nearest-neighbor interactions within the AFM-coupled chain ( 1 ), as well as diverse inter-chain interactions. Depending on the structure of the compound there might be more than one type of inter-chain couplings, in this case we will label those ⊥ 1 , ⊥ 2 , etc. For each type of the superexchange coupling topology we present a complete analysis of all relevant superexchange interactions, and derive models of magnetic states appropriate for the extraction of the inter-chain coupling constants.
Due to the single-determinant nature of DFT calculations we obtained the values of the coupling constants with the use of the 'broken symmetry' method, 21 which makes use of the Ising Hamiltonian 24 with 25% of Hartree-Fock (HF) exchange energy. We found out previously that use of the HSE06 functional has led to a good reproduction of the intrachain superexchange coupling constants with a systematic and rather small 11% overestimation of their values. 8 The projector-augmented-wave method 25, 26 was used as implemented in the VASP 5.2 code. [27] [28] [29] [30] Valence electrons were treated explicitly, while standard VASP pseudopotentials (accounting for scalar relativistic effects) were used for the description of core electrons. We used a plane-wave basis set with a cut-off energy of 920 eV which was lowered to 850 eV for Cs-and Srcontaining compounds (Cs, and Sr pseudopotentials do not allow for higher cut-off energies). The energy convergence criterion was 2·10 -7 eV (= 2·10 -4 meV) per formula unit (f.u.). We used a fine k-point mesh with a spacing of 0.03·2π Å -1 . The band energy was smeared with the used of the tetrahedron method with Blöchl corrections.
In our calculations we do not include non-collinear magnetic interactions. Such interactions are most often a result of spin-orbit coupling, which is small for d 9 ions in octahedral coordination due to orbital momentum quenching. In this work we focus on the relative strength of the inter-and intrachain interaction, which is mainly influenced by the strength of the superexchange interactions and not secondary spin-orbit coupling effects. bonds, or (ii) compressed MX 6 octahedra sharing axial (shorter) bonds. Throughout this work we will describe the former structure motif, depicted in Fig 
A. Fluorides with B 1g chains
We start our discussion with fluorides containing Cu 2+ and Ag 2+ cations with a general formula M'MF 3 (M' = Na, K, Rb, Cs, Ag; M = Cu, Ag). All of these compounds adopt structures that can be derived from the perovskite polytype. One of the most studied member of this family is KCuF 3 , which is a prototypical 1D AFM system. This compound exhibits two polymorphs: a-KCuF 3 of I4/mcm symmetry, and d-KCuF 3 belonging to the P4/mbm space group. 36 Due to orbital ordering first described by Kugel and Khomskii, 44 . Based on GKA rules it is expected that inter-chain coupling will be ferromagnetic, that is ⊥ < 0. Indeed the experimental value of ⊥ is -21 K, 45 while the intra-chain coupling constant ( 1 ) is equal to 406 K. 37 The non-zero inter-chain interaction leads to a finite Néel temperature of 39 K, hence
The value of the Néel temperature is dependent on both the strength of the inter-and intra-chain coupling. Recent quantum Monte Carlo simulations on 1D AFM systems enabled linking the value of the inter-chain interaction with and 1 for a 1D system:
where c = 0.23, and λ = 2.6. 15 Inserting the experimental values of and 1 determined for KCuF 3 into Eq. (4) yields | ⊥ | equal to 20.9 K, in very good agreement with the experimental value. Table 1 together with the direction of the unpaired spins on each Cu 2+ site of the KCuF 3 crystal structure [ Fig. 2(b) ]. The formulas from Table 1 can be combined in order to extract the superexchange constants 49 This distortion however does not alter the topology of the superexchange pathways, and therefore the spin states given in Table 1 can be used to extract 1 and ⊥ through Eq. (5) and Eq. (6). In Table 2 We distinguish two intra-chain superexchange paths, which are depicted in FIG. 3(b) . The shorter one is ⊥ 1 , and it links the AFM-coupled chains into 2D sheets. Given the fact that ideal 2D systems do not display long-range order at finite temperatures, one must also include another superexchange path that couples the 2D sheets. Therefore a longer route, characterized by the ⊥ 2 coupling constant, is also taken into account in our model. Both ⊥ 1 and ⊥ 2 can be combined into an effective intra-chain
where is the number of neighbors along a given inter-chain exchange coupling route (for B In order to calculate the three magnetic coupling constants ( 1 , ⊥ 1 , and ⊥ 2 ) four spin states have to be taken into account -these are described in Table 3 . Apart from F1 all of these states require extending the structure of B 2 CuO 3 into a 1x1x2 supercell, and therefore all calculations were performed in this supercell, which is depicted in FIG. 3(c) .
Equations (8) - (9) give the values of the coupling constants with respect to the magnetic states 
The values of the coupling constants are summarized in 
C. Fluorides with A 1g chains
Although an axial elongation is more commonly found than compression for d 9 systems with deformed octahedral coordination, [58] [59] [60] [61] [62] Consequently spin states described in Table 1 can be used for the extraction of the intra-and interchain coupling via Eq. (5) and (6). The results of the calculations are summarized in Table 6 . 4 ] an effective inter-chain interactions can be defined using Eq. (7), with 1 = 2 = 3 = 2 for the former compound, and 1 = 2 = 3 = 4 for the latter. As in the case of B 2 CuO 3 we use the value of | ⊥ | together with 1 to obtain the magnetic ordering temperature, and consequently per spin site. Consequently the value of 1 can be calculated through the following expression:
The values of the NNN coupling, summarized in Table 7 
E. Summary
In order to assess the accuracy of the HSE06 functional for prediction of inherently weak inter-chain superexchange, we compared the experimentally known Equations used for the calculations of the magnetic coupling constants: 
II. Magnetic states of [CuF][AuF 4 ]
1D = 1 − 1 − 2 − 3 − 2 4,(S1)
